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The consistency of commonly used variance estimates for studentizing
robust estinates of location is studied when the underlying distributions
are asyrmetric. Surprisingsly, the popular methods for studentizing li-
estirates, jackknifed il-estimates and adaptive trirmed means underestimate
the true variance by a factor approaching 50% under the negative exponential
distribution. Possible reasons for the failures and suggested modifications

are presented.
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Introcuction

This project started with the nroblen of secuential fixed-width
interval estimation of the linitins functional of robust estimators.
Ve first cormared a nmurber of estimators in many syrmetric situations
with nredictable results (concernine robustness of efficiency) which
will not be reported here (see Andrews, et al (1972), Carroll and 'egman
(1975) ). Vhen the sampling distribution was the negative exponential,
the situation was surprisingly degenerate; the modern robust estimators
2ll gave mich lower coverage probabilities than advertised. After some
stuly, we discovered that the cormonly used variance estimates uncer-
estimated the true variance by nearly 50%, so that too few observations
were being taken. In the context of the two-sample location problem,
this means the Type I error is much higher than desired. Before routine
apnlication of robust two-sample tests can be recormended, it is important
to discover where the studentization fails and to suggest appropriate
rnotifications to existing procedures.

This naner describes the results of a "onte-Carlo experiment, commaring
true and estimated variances in asyrmetric situations. ‘e show that in

asyrmetric cases such as the negpative exponential distribution, hard

adaption (Hogg (1974) ), (comron) ii-estimators and jacklnifed dM-estimators -

all fail. .Our najor initial success was obtained with-trirmed means. ' The
reasons for the occurrence of the observed phenouena are investigated, anéd

recormeiations for future study are made.




The Estimators

Defire U(a) L{n)) 25 ths =ez. of tle larcest (smallest) [a(n*l)]

order statistics. As a measure of tail lensth, Hogg proposed
Q= (U(.20) - L(.20))/(U(.50) - L(.59)).
Harmel's scale is defined by

s, = median{|X; - sanple median|}/.6754,

with the property that Sn ™ 1 in the nomal case. In Table 1 we list

the estimators of location used in this study. The variance estimate

for the sarple mean i is the usual sample variance, while for the trimmed
means 5% - 38% it is the jacklnifed variance estimate (Shorack (1974)).

For the one-step Hampels and Hubers (D10-D20, 12A-25A, HUB) it is (Huber

(1970)), 2 2 x-Tn"
2 nSnflp {*-?r-l— GFn(X)
X-T Na (1)
(n-l){fw' [..s_;!.flan(x)}

For the adaptors (HG1, HG2, 1.81D, 1.90D, 2.00A, 1.281D), the variance

estimate of the chesen location estimate is used. For the jackknifed

fuber (JIB), the jackknifed variance estimete is used.




TABLE 1
A description of the location estimates used in the study.
Code Jescription
d Sarple nean
5%
10% a% means an of syrmetrically trirmed
i 25% mean. 38% has o = .375 .
38%
! 5% Q<1.81
HG1 108 if 1.01<0<1.37
25% 0>1.87
5% N<1.80
HG2 (.05+(0-1.230) (4/3))100% if 1.80<Qsl1.95
25% 0>1.95

D10
D15

020

One-sten Huber estimates, with start being the
sarple median, scale Sh (Andrews, et al (1972) ).

The knot in the ¢ #Hmction for DK is K/10.
n20 Q<1.81

i

|

|
| 1.210 { DS 1.81<Q<1.87
+ |

|

|

{

|
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D10 0>1.87

D20 0<1.90
D15 if 1.90<0<2,05
710 Q>2.05

Solution (via method of bisection with 20
jterations) to Z\p(s;ll(xi-t)) = 0, where
Y(x) = max(-1.5, min(x,1.5)).

A jackimifed version of HUB, with n = 50.
One-sten Harmel estimates, with knots

given in Andrews, et 2l (1972). Start is

the sample median, scale is s .

214 if Q<2.00
128 if 022.00

25A 0<1.81
214 if 1.81<0s1.87
12A 0>1.27




Ran-on !unbers

A congruential random mmber generator (period > 229 ) with a shuffling
feature was used to obtain the uniforn randon variables, while standard
normal observations were obtained by the Pox-iuller algorithm. The shuffler
first generated 300 wuniform deviates and then chose one of them at
random; this effectively overcomes the undesirable dependence features
of the usual concruential generator. Ilo i“onte-Carlo swindle was used,
so renorted results will be accurate to about one decimal place, more

then enough to make the conclusions piven here.

Sarolina Distributions

Ten sampling distributions were studied. If ¢ is the standard

normal distribution function, the first six had distributions as follows:

é(x) N(9,1)
.958(x)+.05¢(x-1) M(0,1)+.05(1,1)
<908 (x)+.10%(x-1} H(0,1)+.1011(1,1)
950 (x)+.059(x-3) 1(0,1)+.05M(3,1)
<908 (x)+.106(x-3) H(0,1)+,108(3.1)
Vegative exvonential with mean 1.29 NE :

Letting X be a standard normal random variable, the last four were

generated by

12. Sexp (. 10X) Exp (.1CX)
4, 38exp(.25X) Exp (. 25X)
2.46exp (. 50X) Exp (. 50X)

o g T RGBS D5l i o 0 2

.49exp (X) f55:10.9




Sarples of size n = 75 were taken for each iteration. There were
500 iterations on MN(0,1), 1000 iterations on NE and Exp(X), and

250 iterations on the others.

i‘ajor Results

This paner focuses on the effects of asyrmetry on the consistency
of variance estimates of robust estimators. If n = 75 is the sample
size, 'l is the number of experiments, and Yl’ e ,YN the realized
values of 2 particular estimator, the (standardized) lonte-Carlo variance
of the estimator is

SRR INNCARE AL

The average value of a variance estimate for a particular location estimator
b s
is denoted by c; . Table 2 presents values of oﬁ/o2 for all ten sampling

2 ad o® for N(0,1), MNE,

distributions. Table 3 presents values of o -

and Exp(¥), the first acting as a standard, with the latter two representing

“worst case’’ asymmetric distributions.




TABLE 2
values of the ratio 0;/02 . /. consistent variance estimate should have
: dl  tais vaiue ncar 1.0C. ' ; '
o S 2 &

LR e R R

° . = o - - “— — ~ &
3B e e e el E
il a7 g9 94§ 1,11 { 1.00¢ 1.00 .96 .97 93 { 1.00
5% 95 a7 83 | 1.14 | 1.19 .96 .90 1 1.02 97 | 1.05
10% 94 .85 92 1 1.15 | 1.06 .97 .33 | 1.04 .97 | 1.94
25% 93 .96 S35 .00 899 1 .1.00 .3 15905 .94 .99
32% 92 | 1.04 { 1.00 |- 1.23°} 1.0} 1.07 .88 | 1.02 .94 98
HG1 20 .92 90 | 1.06 .50 L a5 .8 .97 .70 .62
1c2 g7 .94 .97 .98 .97 .60 | 1.03 .87 .79 .62
no an | 1.03 .94 | 1.09 .85 .54 .89 .88 .3 .52
D18 .9 1.02 95 | 1.12 .97 .59 .S .38 el <23
D29 ST} 302 P ;oo 3 O .98 .63 .95 .91 .78 .59
1.81D0 g1} 1.04 88 1142 .99 .59 91 .90 .82 .54
1.96D 97 02 L [ .96 59 94 .89 .74 42
B 307 S .84 .93 .93 .60 .08 .01 .67 2
B | 1.00 -~ -- -- -- ¢1 -- -- -- 53
28 .97 .95 92 } 3.12 .98 .49 .90 .84 .75 .44
1A 1.01 c6 .94 | 1.12 | 1.01 .62 51 .90 .81 .50
SA 1.0 9/ 95 ¢ 131 | 1.G5 .70 03 .93 .86 1
.00A | 1.01 .96 %4 | 1.11 .99 .61 o1 .90 80 <35
81A | 1.00 .94 92 | 1.08 .9 .42 91 84 65 .34
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HG2
D10
D15
D20
1.81D
1.50D
1UB
JiUB
1ZA
21A
25A
2.00A
1.81A
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02 for three sarnling distributions.
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1.00
1.04
1.07
1.22
1.55
1.02
1.0
1.09
1.04
1.02
1.10
1.02
1.04
1.01
L.07
1.02
1.01
1.02
1.01

o

NE-o

1.54
1.45
1.35
1.31

38
o s

2.30
2.07
1.37
1.42
1.55
1.30
174
1.52
1.43
1.57
1.66
1.65
2.4
2.38

a

1.05
115
1.04
1.01

44
oot
S8
sl
.62
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I. (Trimmed !leans)

The syrmetrically trirmed means 1! (or 0%), 5% - 38% were the
only estinators fron Table 1 vhose variance estimates consistently estimated
the true variance over the whole range of distributions. Hence, if the
user has serious concern about asymctry, trimmed nmeans would be recommended
for their robustness of validity.

The first Hoqg adaptor (MCl) uses a discrete adaptive anproach which
chooses anong a finite set of nossivle trirmed means. The particular
choice used here fails at ME, Exp(.50X), and Exp(X). This is most
unusual, especially in view of the success of individual trirmed neans.
fote that in Table 3, vhile the value for o> is in line with individual
trirmed nmeans, the value for 02 is considerably larger in magnitude.

The following argurents siould indicate in part that this explosion of
o? can be expected to occur over the whole range of discrete adaptors.
Cenote © = 5(n,F) to emphasize the devendence on the sarple size n
and the umderlying (continuous) distribution function F. Typically
n%(Q(n,F) - 0(F) L, N(o, oz(Q)), where 0(F) is some constant. Denote
the a-trirmed mean by S(n,a) with linit value S(a). Suppose F is
syimetric about 6 and that one of the "Tnots' or ‘‘change noints'' in
the adaptor is O(F) (for example, in Gl these knots are 1.81 and

1.87). Then asymptotically, the adaptor is

™(@,F) = S(n,ay) if Q(n,F) = Q(F)
= 5(n,a,) if Q(n,F) > Q(F).

(2)

e PRI RSP
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Sinc Mn,F) is even and S(n.a) 1s odd, n’z("_‘{rn £) - f‘)(}’)) and

n""'[%("._c;) - S(o,)) are 2syrptotically independent, Sfo) = 6 and
LR e : L. e e i s ,
Prin?(i*(n,r)-0) sz} = ".:.[.Dr{r"(o(n 09)-0) <z} + :'r{ni[S(n,uz)-e):z}] (3)

Hence, af(T*(n,F) - 0) cdoes mot cioite have = 1imiti.e normal distribution,
altfiough the wvariance will nct have blown up. owever, if F 1is asymretric,

S(eq) = 5(0:2) and 1f the approxination (3) lolds. we see that for no 6

wili be nlsced at +» or -= ), These very heuristic arguments slov

Jdencization of hard adaptors is likely to fail vherever one

is wwforvmote enouch to have chosen G(F) as a knot. Since G(E) = 1.804

and. (5 (L59%)) = 1.82  (the latter chtained by lnte-Carlo sarmling

, one sees the probable explanation for the failure

G 11 in these cases. In Lbnte-Carlo sarpling we obtained

4 (':‘; ™70) = 1.9 intuitively, in this heavily asyrmetric situation the

croices 10% an? 25% are so different as to provide 2 boost

to the variance. lowever, an adequats explanation is still needed.
It would scem then thut a source of difficulty is that T*(n,1)

is not ceatinuous in O(n,F) for all n. M2 provides an cxample vhich

shows that the continuity merely of 1im T*(n.F) = T*(F) is not sufficient.

bs a first constraint tien, any adavtive estimate should have the above

continuity nromerty. Aflthough we experimented with linear functions of

order statistics with weisht fimctions depending smoothly on a (such

25 Dlocewise linear and quadratic), we had very little success. The

aroblen of constructing smoothly adastive estimates 'with reasonably

e e . e ———
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consistent variance estinates in srwll saples is an open and wortlwhile

~mr
problen.

II. (I-estitators)
Tae luber estimate U (generated by y(x) = rz:x(‘i'l; r.iin(x,kzl) ’

«

e > i = 2 L L A and v e - -
fr & Ko = 1.3 ) has rooz rozustiiess ond brealdown proverties but Carroll

(1752) has shown that if F is asmietric, s_ + £, then there exist
-d
NonN-zZero constants 215 3 with
ATy .,,'l n . ~1 1 el el -4
(1, - 7) = e Fufetey - 1®)) ayigl - 0 s 0™ (as). @
Tiids reans that the variance estimate (1) (sugrestes by “uber (1570)

and usea by Gross (1975 is not consistent for asyrretric distributions.
/ -
This is clearly reflected in Takbles 7 and 3. The studentization suggested

a, = 0, which is ecuivalent to

3

{(" - 1®) [ - 1))} = . )

One possibility would be to chioose 4., k, t force (5) to hold, at

least asyrptotically. CSince fuler estimates liave suci nice nrojerties,

some future work should be devoted te finding e satisfactory solution.

3

nat the jackimifed iZuber estivate failed was botli surprising and

disappointine. Oome insight into Zie cause of this phenovena is available.

Jeeclel in an wnpublished poper indicates that showing sorething like

is the rdssing step which needs to te verifiec for his arguments to holc;
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(4) shows that (6) fails. Further, it is well-known that the jackimife
does not provide a consistent estimate of the variance of the sarple
median; since the scale Sh is very close to a sarple median, it would
seent to be the cause of some instability. If this latter point is the
root difficulty (a point which needs to be settled), perhaps using a
scale with sonevhat smoother influence function is mandated. One possi-
oility would be to take the average of the smallest half of

{|I‘;1 - median|, ... .,|)'\l - nedian|}. lie have done some partial work

in this direction with little success.

III. (One-step estinates)

The one-sten li-estimates and their acaptors were included for ilius-
trative purposes although they would not be used in obviously asyrmetric
situations. Carroll (1975b) has shown that an analogue to (4) exists
in this case as well, so the failurcs at NE and Ixp(¥X) are not unexpected.
One interesting point to note is the very poor performance of 21A and
25A at the negative exponential; we have no good explanations for this.

Oross (1973), in surveying the disappointing performance (in symmetric
situations) of jacklmifed versions of these estimates, recormends replacing
the median by a smooth starting velus. The arguments of the previous

section indicate an additional need for a smooth scale.
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Conclusions

In this paper we have shown that wide classes of robust estlutes
will not verform adeguately in tie two-saple location problem in the
presence of asyrwmetry. UVhile trimmed weans work quite well, discrete
adaptive trirmed rieans have been shovn to degenerate whenever one of
the 'nots is near the limiting value of the tail length functional Q(n,F);
evidently only smwoothly adaptive trimmed means have any hope of success.
J-estinates and their one-step versions have been shown analytically
to lead to inconsistent variance estimates if the Y-fimction is skew-
syrmetric: this suggests the possibility of allowing the y-function to
alsc cdepend on the data. It would 2ppear that li-estimates and their
jaclkimifed versions share thie same source of difficulty, but this point

needs to be clarified. |
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